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ALGEBRAIC FAMILIES
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To the memory of Joseph L. Birman
ABSTRACT. We show how the Schro¨dinger equation for the hy-
drogen atom in two dimensions gives rise to an algebraic family of
Harish-Chandra pairs that codifies hidden symmetries. The hid-
den symmetries vary continuously between SO(3), SO(2, 1) and
the Euclidean group O(2) n R2. We show that solutions of the
Schro¨dinger equation may be organized into an algebraic fam-
ily of Harish-Chandra modules. Furthermore, we use Jantzen
filtration techniques to algebraically recover the spectrum of the
Schro¨dinger operator. This is a first application to physics of the
algebraic families of Harish-Chandra pairs and modules devel-
oped in the work of Bernstein et al. [BHS18b, BHS18c].
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1. INTRODUCTION AND MAIN RESULTS
The Schro¨dinger equation of the hydrogen atom has a visibleO(3)
symmetry. Almost a century ago, in the case of bound states (neg-
ative energy), Pauli discovered new invariants, independent of the
angular momentum, and used them to derive the spectrum of the
hydrogen atom [Pau26]. A few years later, Fock showed that an
SO(4) symmetry, known as the hidden symmetry, governs the degen-
eracy of the energy eigenspaces [Foc35]. Bargmann explained how
the works of Pauli and Fock are related [Bar36]. Later on, it was
shown that for scattering states (positive energy) there is an SO0(3, 1)
hidden symmetry, and for zero energy there is an SO(3)nR3 (the Eu-
clidean group) hidden symmetry. A similar analysis was carried out
in any dimension n ≥ 2 of the configuration space [BI66a, BI66b].
The purpose of this paper is to show that an algebraic family of
Harish-Chandra pairs can be associated to the Schro¨dinger equa-
tion, and the hidden symmetries (for all possible energy values) can
be obtained from the algebraic family. We will show that the pa-
rameter space for the family naturally contains the spectrum of the
Schro¨dinger operator and can be thought of as the space of all “pseudo-
energies”. We further show that the collection of all physical solu-
tions of the Schro¨dinger equation (for all possible energy values)
arises from an algebraic family of Harish-Chandra modules. Here
we shall only consider the case of the two-dimensional system (see
[CM69, TdCA98, PP02] and reference therein); the general case will
be considered elsewhere. It should be noted that the symmetries and
group theoretical aspects of the hydrogen atom system, as well as
its classical analogue, the Kepler-Coulomb system, have been stud-
ied extensively throughout the years, e.g., see [GS90, Sin05, Wul11].
We shall now describe the setup and results more carefully. The
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Schro¨dinger equation of the hydrogen atom in n dimensions (n-
dimensional configuration space) with n ≥ 2 is given by
Hψ(x) = Eψ(x),
H = −
h¯2
2µ
4− k
r
,
where x = (x1, x2, ..., xn) is the coordinate vector, r =
√∑n
i=1 x
2
i , µ is
the reduced mass, k is a positive constant, h¯ is the reduced Planck’s
constant, and 4 is the Laplacian ∑ni=1 ∂2∂x2i . It has an obvious O(n)-
symmetry but also less obvious larger symmetry groups, its hidden
symmetries, which we shall now describe. It is known that on ev-
ery eigenspace of Hwith eigenvalue E, the components of the angu-
lar momentum vector operator and the components of the quantum
Laplace-Runge-Lenz vector operator generate a Lie algebra, GE, such
that
GE '

so(n, 1), E > 0,
so(n)nRn, E = 0,
so(n+ 1), E < 0,
e.g., see [BI66a, BI66b]. These Lie algebras are the infinitesimal hid-
den symmetries. Moreover, the spectrum of H is composed of three
disjoint pieces,
Spec(H) = E = Eb unionsq E0 unionsq Es,
where: Eb corresponds to bound states and is given explicitly by
Eb =
{
En = −
C
(n0+n)2
|n = 0, 1, 2, ...
}
for some positive constants
C and n0 (see [Ada94, Eq. 4.115] for the exact formula); Es corre-
sponds to scattering states and is given explicitly by Es = (0,∞); and
E0 = {0}. For any E in the spectrum, the physical solution space of the
Schro¨dinger equation, Sol(E), is invariant under the corresponding
hidden symmetry group. By physical solutions we mean solutions
for the Schro¨dinger equation that are regular at the origin and have
best possible behavior at infinity, see Section 4.6. These solutions
were obtained by physicists long ago. For negative energies they are
square-integrable but otherwise they are not. For E ∈ Eb the space
Sol(E), carries a unitary irreducible representation of SO(n + 1); for
E ∈ Es it carries a unitary irreducible (principal series) representa-
tion of SO0(n, 1); and for E = 0 it carries a unitary representation of
the Euclidean group SO(n) n Rn. In general, it is not known if the
representation of SO(n) n Rn is irreducible, but for n = 2 it is (this
follows from [TdCA98]).
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So far we have reviewed known facts. To explain the novelty of
this work we shall first discuss algebraic families of Harish-Chandra
pairs and modules. The idea of contraction of Lie groups and their
representations is well known in the mathematical physics litera-
ture, see e.g., [IW53, Sal61, DR85, Gil94, SBBM12]. Recently, it was
demonstrated how algebraic families serve a good mathematical frame-
work for contractions [BHS18b, BHS18c]. We will show here that en-
ergy is a natural deformation parameter (or contraction parameter)
for the hydrogen atom system that fits perfectly with the theory of
algebraic families that was introduced in [BHS18b, BHS18c].
Roughly speaking, an algebraic family of complex Lie algebras
over a complex algebraic variety X is a collection of complex Lie al-
gebras g = {g|x}x∈X that vary algebraically in x. We shall refer to g|x
as the fiber of g at x ∈ X. Similarly, there is a natural notion for an
algebraic family of complex algebraic groups over X, K = {K|x}x∈X.
An algebraic family of Harish-Chandra pairs over X is a pair (g,K),
where g is an algebraic family of complex Lie algebras and K is a
compatible algebraic family of complex algebraic groups, both over
the same base X. In Section 3 we shall see that in the case of the two-
dimensional hydrogen atom, the Schro¨dinger operator H gives rise
to an algebraic family of Harish-Chandra pairs (g,K) over X := C,
where K is the constant family of groups C × O(2,C) and for any
x ∈ X the fibers of g satisfy
g|x '
{
so(3,C) x 6= 0,
so(2,C)nC2 x = 0.
The physical interpretation of the family gives rise to a canonical real
structure σ on (g,K), (see Section 3.3) which leads to a family of real
Harish-Chandra pairs (gσ,Kσ) over Xσ = Rwith Kσ = R×O(2) and,
for x ∈ R,
gσ|x '

so(2, 1), x > 0,
so(2)nR2, x = 0,
so(3), x < 0.
Moreover, by construction, points of X correspond to “generalized”
eigenvalues ofH. This allows us to regard Spec(H) as a subset of Xσ.
We will prove the following theorem.
Theorem III.1. For any E ∈ Spec(H) ⊂ Xσ the visible symmetry of
the Schro¨dinger equation Hψ = Eψ is K|σE, and the infinitesimal hidden
symmetry is g|σE. Furthermore, gσ can be lifted to a family of Lie groups
that correspond to the hidden symmetries. That is, there is an algebraic
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family of complex algebraic groups G over X with a real structure σG, such
that, for every E ∈ Xσ,
G|σGE '

SO(2, 1), E > 0,
O(2)nR2, E = 0,
SO(3), E < 0.
There is an obvious notion of an algebraic family of Harish-Chandra
modules for (g,K) (also known as an algebraic family of (g,K)-modules);
see [BHS18b, Sec. 2.4]. In simple cases, like the examples considered
here, an algebraic family of Harish-Chandra modules for (g,K) is
an algebraic vector bundle F (of infinite rank) over X which carries
compatible actions of g and K. In particular, for x ∈ X, the fiber
of F at x is a (g|x,K|x)-module. The family g has a natural counter-
part to the Casimir element of a semisimple Lie algebra, which we
shall call the regularized Casimir Ω (see Section 4.1). On generically
irreducible families of (g,K)-modules,Ωmust act via multiplication
by some polynomial function on X. In Section 4.2 we show that the
physical realization of g forces Ω to act on F|E via multiplication by
ω(E) = −E
4
− k
2
2
.
Theorem IV.1. Let F be a generically irreducible and quasi-admissible
family of (g,K)-modules on which Ω acts via multiplication by ω(E) =
−E
4
− k
2
2
. The collection of all the reducibility points of F coincides with Eb.
Using the real structure of (g,K), to any familyF of Harish-Chandra
modules one can associate a dual family F〈σ〉 (the σ-twisted dual,
see Section 4.4.1 and [BHS18c, Sec. 2.4 ]). A nonzero morphism of
(g,K)-modules from F to F〈σ〉 (an intertwining operator) induces a
canonical filtration on every fiber of F. This is the Jantzen filtration;
see Section 4.4 and [BHS18c, Sec. 4]. The Jantzen filtration gives a
new algebraic way to calculate the spectrum of H, and the subset
of the spectrum corresponding to bound states. In Section 4.3 we
show that there are exactly two families of generically irreducible
and quasi-admissible families of (g,K)-modules such that: Ω acts
via multiplication byω(E) = −E
4
− k
2
2
; and that are generated by their
isotypic subsheaf, F0, corresponding to the trivial SO(2,C)-type. We
prove the following.
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Theorem IV.2. Let F be one of the two generically irreducible and quasi-
admissible families of (g,K)-modules on which Ω acts via multiplication
by ω(E) = −E
4
− k
2
2
, and that are generated by F0. The spectrum of H co-
incides with the set of all E ∈ X for which F|E has a nonzero infinitesimally
unitary Jantzen quotient. Moreover, Eb coincides with the set of all E ∈ X
for which F|E has a nontrivial Jantzen filtration.
For such a family F, we show that for each E ∈ Spec(H) the fiber
F|E has exactly one infinitesimally unitary Jantzen quotient J(F|E).
Furthermore, we prove the following result.
Theorem IV.3. Let F be as in Theorem 3. Then for any E ∈ Spec(H), the
infinitesimally unitary Jantzen quotient J(F|E) can be integrated to the uni-
tary irreducible representation of the connected component of G|σGE which
is isomorphic to Sol(E).
In the discussion section we speculate on relations between F, the
measurable field of Hilbert spaces arising from the spectral theory
for H, and solution spaces for the Schro¨dinger equation. We conjec-
ture that for almost every energy E, the Janzten quotient J(F|E), the
SO(2)-finite physical solutions in Sol(E), and the SO(2)-finite vec-
tors in the Hilbert spaceHE appearing in the spectral decomposition,
can be identified in a canonical way.
This project was initiated after stimulating discussions with Joseph
L. Birman. This work is dedicated to his memory. The author thanks
Moshe Baruch, Joseph Bernstein, Nigel Higson, Ady Mann, and Willard
Miller for many useful discussions. The author thanks the anony-
mous referee for pointing out the possible relation between our alge-
braic families and the measurable field associated with the Schro¨dinger
operator. The advice of Nigel Higson on the part dealing with mea-
surable fields is greatly appreciated.
2. ALGEBRAIC FAMILIES
In this section we shall review the formalism of algebraic families
of Harish-Chandra pairs and their modules. We shall avoid tech-
nicalities and convey some ideas by examples. More details can be
found in [BHS18b, BHS18c]. Algebraic families can be defined over
any complex algebraic variety. For our purpose, it is enough to con-
sider families over the simplest non-trivial affine variety,A1C = C. So,
throughout this note we let X be the complex affine line, i.e., X = C.
As usual, we shall denote the structure sheaf of regular functions of
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X byOX. Moreover, we shall freely identify various families (various
sheaves) over Xwith their space of global sections.
2.1. Families of complex Lie algebras. An algebraic family of com-
plex Lie algebras g over X is a locally free sheaf of OX-modules
equipped with an OX-bilinear Lie bracket. Since X is affine, such
a family is nothing else but a Lie algebra over the ring C[x] = OX(X).
Intuitively, g should be thought of as a collection of complex Lie al-
gebras (the fibers of g) parameterized by X that vary algebraically.
Recall that the fiber of g at x0 ∈ X is g|x0 := g/Ix0g, where Ix0 is the
maximal ideal of C[x] consisting of all functions the vanish at x0. Of
course, g|x0 is a Lie algebra over C ' C[x]/Ix0 .
Example 1. Consider the constant family of Lie algebras over Xwith
fiber gl3(C), that is, the sheaf of regular (algebraic) sections of the
bundle X× gl3(C) over X. This is an algebraic family of Lie algebras
over X. We shall denote it by gl3(C). Each fiber of gl3(C) is canon-
ically identified with gl3(C). The family gl3(C) contains interesting
non-constant subfamilies. We shall now describe one such subfam-
ily that will play a role in what follows. Let s˜o3 be the subfamily that
is characterized by the following property. For every x ∈ X, the fiber
s˜o3|x is given (under the above mentioned identification) by
 0 α β−α 0 γ
−xβ −xγ 0
∣∣∣∣∣∣α,β, γ ∈ C
 .
Note that
s˜o3|x '
{
so(3,C) x 6= 0,
so(2,C)nC2 x = 0.
Let eij with i, j ∈ {1, 2, 3} be the standard basis of gl3(C). The maps
(from C to gl3(C)) given by
j1(x) = e23 − xe32,
j2(x) = e13 − xe31,
j3(x) = e12 − e21,
define a basis for s˜o3 as a Lie algebra over C[x]. In particular,
s˜o3 = C[x]j1 ⊕ C[x]j2 ⊕ C[x]j3.
The commutation relations are determined by
[j1(x), j2(x)] = xj3(x), [j2(x), j3(x)] = j1(x), [j3(x), j1(x)] = j2(x).
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2.2. Families of complex algebraic groups. Formally, an algebraic
family of complex algebraic groups is a smooth group scheme G
overXwithG being a smooth complex algebraic variety, see [BHS18b,
Sec. 2.2]. As in the case of families of Lie algebras, we can think about
it as a collection of complex algebraic groups that vary algebraically.
For us, the most important example is the constant family of groups
overXwith fiberGL3(C). We shall denote it byGL3(C). Any fiber of
GL3(C) is canonically identified with GL3(C). We shall now define
a subfamily S˜O3 ofGL3(C), whose associated family of Lie algebras
([BHS18b, Sec. 2.2.1]) is s˜o3 from the previous section.
Example 2. The family S˜O3 is uniquely determined by its fibers
which we shall now describe. For a nonzero x ∈ X, S˜O3|x is given
by all A ∈ SL3(C) such that AtDxA = Dx, where Dx is the diag-
onal matrix in GL3(C) with diagonal entries (x, x, 1). In particular,
S˜O3|x ' SO(3,C). The remaining fiber is
S˜O3|0 =
{(
A v
0 |A|
)∣∣∣∣A ∈ O(2,C), v ∈ C2} ' O(2,C)nC2.
To show that S˜O3 is indeed an algebraic family of complex algebraic
groups one should follow the same calculations as in [BHS18a].
2.3. Families of Harish-Chandra pairs. Before we discuss families
of Harish-Chandra pairs we recall the definition of a (classical) Harish-
Chandra pair. A Harish-Chandra pair consists of a pair (g, K), where
g is a complex Lie algebra and K a complex algebraic group acting
on g, and an embedding of Lie algebras ι : Lie(K) −→ g such that:
(1) ι is equivaraint where K acts on Lie(K) by the adjoint action.
(2) The action of Lie(K) on g coming from the derivative of the
action of K coincides with the action that is obtained by com-
posing ιwith the adjoint action of g on itself.
For more details see, e.g., [BBG97, KV95]. An algebraic family of a
Harish-Chandra pairs over X is defined in analogous way. The main
difference is the replacement of g by a family of Lie algebras g over
X and replacement of K by an algebraic family of complex algebraic
groups K over X. We shall only consider the case in which K is a
constant family over X. For precise definition see [BHS18b, Sec. 2.3].
Below is an example that will be of main interest for us.
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Example 3. The family S˜O3 contains a constant subfamily O2 with
fiber isomorphic to O(2,C). Explicitly, for any x ∈ X,
O2|x =
{(
A 0
0 |A|
)∣∣∣∣A ∈ O(2,C)} .
Note that any matrix in O2|x is generated by matrices of the form
R˜(θ) :=
(
R(θ) 0
0 1
)
, s˜ :=
(
s 0
0 −1
)
,
where
R(θ) :=
(
cos(θ) sin(θ)
− sin(θ) cos(θ)
)
, s :=
(
0 1
1 0
)
,
with θ ∈ C. The family O2 naturally acts on s˜o3 via conjugation.
This action is determined by the formulas
R˜(θ) · j1 = cos(θ)j1 − sin(θ)j2, s˜ · j1 = −j2,
R˜(θ) · j2 = sin(θ)j1 + cos(θ)j2, s˜ · j2 = −j1,
R˜(θ) · j3 = j3, s˜ · j3 = −j3.
The family of Lie algebras, o2, associated with O2 coincides with the
subfamily of s˜o3 that is generated by j3. All in all, the pair (s˜o3,O2)
is an algebraic family of Harish-Chandra pairs over X.
2.4. Real structure for families. In this section we discuss real struc-
tures of a family of complex groups and show how it gives rise to a
family of Lie groups.
In general, for any complex algebraic varietyXwe denote the com-
plex conjugate variety by X. The underlying set of X coincides with
that of X, and a complex valued function on X is regular if (by defi-
nition) its complex conjugate is a regular function on X. In addition,
X is canonically isomorphic to X. An antiholomorphic morphism
from X to another complex algebraic variety Y is an algebraic mor-
phism from X to Y. Given any morphism ψ : X −→ Y, there is a
canonical morphism ψ : X −→ Y such that ψ = ψ as set theoretic
maps. A real structure, or antiholomorphic involution, of X is a mor-
phism σX : X −→ X such that the composition
X
σX // X
σX // X
is the identity, see [BHS18b, Sec. 2.5]. We denote by Xσ the fixed
point set of σ. We treat Xσ as a topological space equipped with
the subspace topology as a subset of X with its analytic topology.
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We shall mainly work with X = C and σ being the usual complex
conjugation. In this case Xσ = R.
If G is an algebraic family of complex algebraic groups over X,
then G is an algebraic family of complex algebraic groups over X. A
real structure, or antiholomorphic involution, of the family G is a pair
of involutions of varieties, σX : X −→ X and σG : G −→ G, such that
the diagram
G

σG // G

X
σX // X
is commutative, and it induces a morphism G −→ σ∗XG of algebraic
families of complex algebraic groups over X. See [BHS18b, Sec. 2.5].
For each x ∈ Xσ, the morphism σG induces an antiholomorphic in-
volution of the complex algebraic group G|x. The fixed point set of
this involution, denoted by G|σx , is a Lie group. In this way we get a
collection of Lie groups parameterized by Xσ. We shall refer to this
collection as a family of Lie groups over Xσ and we denote it by Gσ.
For our purpose, it is enough to understand the simplest case in
which X is the variety X = C, σX is complex conjugation of complex
numbers, G is the constant family X×GLn(C), and σG(x, g) = (x, g)
where x is the complex conjugate of x ∈ C and g is the complex con-
jugate of the matrix g ∈ GLn(C). In this case the family Gσ is the
constant family R×GLn(R). We will obtain interesting non-constant
families of Lie groups as subfamilies of R×GLn(R), as in the follow-
ing example.
Example 4. Consider the family S˜O3 from example 2 with the above
mentioned real structure. Then for any x ∈ R, the group S˜O3|σx is
given by all real matrices in S˜O3|x. In particular, S˜O3|σ1 = SO(3),
S˜O3|
σ
−1 = SO(2, 1), and
S˜O3|
σ
0 =
{(
A v
0 |A|
)∣∣∣∣A ∈ O(2), v ∈ R2} .
The isomorphism classes of the fibers are given by
S˜O3|
σ
x '

SO(2, 1) x < 0,
O(2)nR2 x = 0,
SO(3) x > 0.
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FIGURE 1. The homogeneous spaces S˜O3|σx/SO2|σx
There are similar definitions for a real structure, or antiholomorphic
involution of algebraic families of complex Lie algebras and alge-
braic families of Harish-Chandra pairs see [BHS18b, Sec. 2.5]. In the
above example the real structure on S˜O3 induces one on (s˜o3,O2)
from example 3. The corresponding family of real Harish-Chandra
pairs is obtained by considering the real matrices in each of the fibers
(s˜o3|x,O2|x). Explicitly, for any x ∈ R,
s˜o3|
σ
x =

 0 α β−α 0 γ
−xβ −xγ 0
∣∣∣∣∣∣α,β, γ ∈ R

and
O2|
σ
x =
{(
A 0
0 |A|
)∣∣∣∣A ∈ O(2)} .
In addition,
s˜o3
σ
= R[x]j1 ⊕ R[x]j2 ⊕ R[x]j3.
For x ∈ R, each homogenous space S˜O3|σx/SO2|σx has a geometric
meaning. For x > 0, it is a two-sheeted hyperboloid. For x < 0, it is
an ellipsoid, and as x approaches zero, the space “flattens” into two
parallel planes. See figure 1.
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3. THE FAMILY OF HARISH-CHANDRA PAIRS AND HIDDEN
SYMMETRIES
In this section we show how the Schro¨dinger equation of the hy-
drogen atom in two dimensions gives rise to an algebraic family of
Harish-Chandra pairs equipped with a real structure. We then show
that the various hidden symmetries can be recovered from the alge-
braic family.
3.1. The infinitesimal hidden symmetry. The Schro¨dinger equation
of the hydrogen atom in two dimensions is given by
Hψ = Eψ,
H = −
1
2
(∂xx + ∂yy) −
k√
x2 + y2
.
Here k is a positive constant and we use atomic units, that is, µ =
h¯ = 1. We note that H belongs to the algebra of all smooth differen-
tial operators on the space of smooth complex valued functions on
S = R2 \ {0}. We denote this algebra by D. The algebra D is naturally
filtered by the degree of a differential operator. We denote this in-
creasing filtration by D = ∪n≥0Dn. Let CD(H) be the centralizer of H
in D and C2D(H) the intersection of CD(H) with D2. The next lemma
follows from a direct calculation.
Lemma 1. The complex vector space C2D(H) is spanned by:
L := y∂x − x∂y, L
2, I (the identity operator),
H := −
1
2
(∂xx + ∂yy) −
k√
x2 + y2
,
Ay :=
i√
2
(
y∂xx − x∂xy −
1
2
∂y + k
y√
x2 + y2
)
,
Ax :=
i√
2
(
x∂yy − y∂xy −
1
2
∂x + k
x√
x2 + y2
)
.
We shall consider the complex associative sub-algebra of CD(H)
that is generated (as an algebra) by C2D(H). We denote it by B.
Remark 1. The algebra B is the quantum superintegrable system that
is known as E18, see [KMW76, KKPM01] and specifically [MPW13,
Sec. 3.1]. It is not known if B = CD(H), but there are indications that
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this is the case. For example, in the corresponding classical superin-
tegrable system the analogous statement holds. See the paragraph
following Definition 10 in [MPW13].
Observe that B is in fact an associative algebra over the free poly-
nomial ring C[H] and it is generated, as an algebra over C[H], by
{Ax, Ay, L, I}. The generating set {Ax, Ay, L, I} is minimal in two ways.
There are no smaller sets of generators and the sum of degrees (with
respect to the natural filtration of D) of the generators is minimal
among all other sets of generators. In fact, all such minimal sets of
four generators, with their sum of their degrees equal to 5, span the
same four dimensional vector subspace V := spanC{Ax, Ay, L, I}. Let
V be the C[H]-module generated by V .
Lemma 2. V is a Lie algebra over C[H]. That is, V is an algebraic family
of complex Lie algebras over C.
Proof. From the linear independence of {Ax, Ay, L, I},
V = C[H]L⊕ C[H]Ax ⊕ C[H]Ay ⊕ C[H]I.
By direct calculation,
[Ay, L] = Ax, [L,Ax] = Ay, [Ax, Ay] = −HL,(3.1)
and I commutes with everything else. 
For purposes that will be made clear below, from now on we shall
use the notation E for the indeterminate H. Occasionally, and abus-
ing notation, we shall treat the indeterminate E as a point in C, this
will be clear from the context. For any nonzero E ∈ C, the fiber V|E
is a complex reductive Lie algebra over C (it is isomorphic to gl2(C)).
Let g be the largest Lie subalgebra (over C[E]) of V such that for any
nonzero E ∈ C, the fiber g|E is semisimple. The commutation rela-
tions (3.1) imply that {Ax, Ay, L} form a basis for g over C[E].
Proposition 1. g is isomorphic to s˜o3.
Proof. As mentioned above,
g = C[E]L⊕ C[E]Ax ⊕ C[E]Ay,
and
[Ay, L] = Ax, [L,Ax] = Ay, [Ax, Ay] = −EL.(3.2)
The correspondence
x←→ −E, Ax ←→ j1, Ay ←→ j2, L←→ j3(3.3)
defines an isomorphism between g and s˜o3. 
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Remark 2. We shall see in Sections 3.2 and 3.3 that the isomorphism
(3.3) extends to an isomorphism of algebraic families of Harish-Chandra
pairs equipped with a real structure. This isomorphism is essentially
unique; all such isomorphisms are given by
x←→ −rE, Ax ←→ cj1, Ay ←→ c−1j2, L←→ j3,
for some positive r and c.
3.2. The visible symmetries. The group O(2) naturally acts on S =
R2\{0}. This action induces an action ofO(2,C) onDwhich descends
to g and defines an action of K, the constant family over Xwith fiber
O(2,C). Explicitly,
R(θ) ·Ax = cos(θ)Ax − sin(θ)Ay, s ·Ax = −Ay,
R(θ) ·Ay = sin(θ)Ax + cos(θ)Ay, s ·Ay = −Ax,
R(θ) · L = L, s · L = −L.
In particular, we see that under the canonical isomorphism O2 ' K
the following holds.
Lemma 3. The isomorphism 3.3 canonically extends to an isomorphism of
algebraic families of Harish-Chandra pairs over X between (s˜o3,O2) and
(g,K). 
3.3. Real structure on (g,K). We shall now describe a natural real
structure on (g,K). Under the isomorphism (g,K) ' (s˜o3,O2) the
real structure coincides with the one that was given in Example 4.
The natural inner product on L2(R2 \ {0}) allows us to define a real
structure on (g,K) in the following way. For T ∈ D ⊂ End(L2(R2 \
{0})), the formula
σ(T) = −T ∗,
where T ∗ is the adjoint of T , defines a conjugate linear involution of
D which descends to an antiholomorphic involution of g. Similarly,
the action of O(2,C) on L2(R2 \ {0}) embeds it into Aut(L2(R2 \ {0}))
and we can define an antiholomorphic involution of O(2,C) by
σO(2,C)(g) = (g
∗)−1,
where here we identify g ∈ O(2,C) with its image in Aut(L2(R2 \
{0})). By direct calculation, in terms of the matrix group O(2,C),
σO(2,C) turns out to be the usual complex conjugation of matrices. As
was described in Section 2.4, this defines a real structure σK on the
constant family K.
SYMMETRIES OF THE HYDROGEN ATOM AND ALGEBRAIC FAMILIES 15
Remark 3. A standard approach for solving the Schro¨dinger equation
Hψ = Eψ is to find a complete set of Hermitian operators that com-
mute with H. This was our motivation for the definition of g using
the centralizer CD(H) and for the definition of the real structure σ
using the adjoint of a linear operator.
Lemma 4. The isomorphism (g,K) ' (s˜o3,O2) is compatible with the
real structure on (g,K), introduced above, and the real structure on (s˜o3,O2),
introduced in example 4. 
By Example 4 we know that s˜o3 with its real structure can be lifted
to the family S˜O3 with a compatible real structure. We summarize
the results of this section in the following theorem.
Theorem 1. For any E ∈ Spec(H) ⊂ XσX the visible symmetry of the
Schro¨dinger equationHψ = Eψ is K|σKE , and the infinitesimal hidden sym-
metry is g|σgE . Furthermore, g
σg can be lifted to a family of Lie groups that
correspond to the hidden symmetries. That is, there is an algebraic family
of complex algebraic groups G over X with a real structure (σX, σG), such
that, for every E ∈ Xσ,
G|σGE '

SO(2, 1), E > 0,
O(2)nR2, E = 0,
SO(3), E < 0.
4. THE FAMILY OF HARISH-CHANDRA MODULES AND HIDDEN
SYMMETRIES
In this section we show how the physical realization of the family
(g,K) induces an essentially unique family of (g,K)-modules from
which one can recover the solution spaces (as unitary representa-
tions) of the Schro¨dinger equation.
4.1. Algebraic families of Harish-Chandra modules. Let (g,K) be
the algebraic family of Harish-Chandra pairs introduced in Section
3. Roughly speaking, an algebraic family of Harish-Chandra mod-
ules for (g,K) (or algebraic family of (g,K)-modules) is a family of
complex vector spaces parameterized by X that carries compatible
actions of g and K. More precisely, an algebraic family of Harish-
Chandra modules is a flat quasicoherentOX-module, F, that is equipped
with compatible actions of g and K, see [BHS18b, Sec. 2.4]. Since, in
our case, X is the affine variety C, F can be identified with its space
of global sections and can be considered as a C[E]-module that car-
ries a representation of g as a Lie algebra over C[E] and a compatible
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action of K = O(2,C), the fiber of the constant family K. We shall
freely change our perspective between sheaves of OX-modules and
C[E]-modules with no further warning. Since K is a constant family,
there is a canonical decomposition of F into K-isotopic subsheaves
(or submodules)
F = ⊕τ∈K̂Fτ.
We call τ ∈ K̂ with nonzero Fτ a K-type of F. We shall only con-
sider families that are quasi-admissible and generically irreducible
(see [BHS18b, Sec. 2.2 & 4.1]). For such families, each Fτ is a free
K-equivariant OX-module of finite rank. In simpler terms, the space
of global sections of each Fτ is isomorphic to C[E] ⊗C Vτ, with Vτ
isomorphic to a finite direct sum of copies of the representation τ.
The number of summands in this direct sum is called the multi-
plicity of the K-type τ in F. In addition, for almost any x ∈ X the
fiber F|x is an irreducible admissible (g|x,K|x)-module. For every
x ∈ C∗ ⊂ X, the Harish-Chandra pair (g|x,K|x) is isomorphic to
the pair arising from SO(2, 1). That is, the pair (so(2, 1)C, O(2,C)),
where so(2, 1)C is the complexification of so(2, 1), andO(2,C) sits, as
before, block diagonally inside SL(3,C). The classification of the ir-
reducible admissible (so(2, 1)C, O(2,C)) is well known. For example,
it can be deduced from the classification of the irreducible admissi-
ble (sl2(C), SO(2,C))-modules given in [Vog81, ch.1], (or [HT92, sec.
II. 1] or [Tay86, ch. 8]) combined with Clifford theory [Cli37]. Or
it can be directly deduced from [Nai64]. This determines the possi-
ble lists of K-types for generically irreducible and quasi-admissible
families of (g,K)-modules. Such a list of K-types is an invariant
of an isomorphism class of families of (g,K)-modules. Using this
and several more invariants, the classification of generically irre-
ducible and quasi-admissible families of Harish-Chandra modules
for a closely related family of Harish-Chandra pairs was given in
[BHS18b, Sec. 4]. By the same methods one can classify generically
irreducible and quasi-admissible families of (g,K)-modules. The re-
lation between the family of Harish-Chandra pairs in [BHS18b] and
the family (g,K) introduced in Section 3, is analogous to the relation
between SU(1, 1) and SO(2, 1). More precisely, the families of Lie al-
gebras are isomorphic while the fibers of the two constant families
of groups are related by quotient by a two element subgroup and
extension by a two element group. We note that similar families of
representations were studied in [Ada17].
Before we state the needed ingredients from the mentioned clas-
sification, we shall describe the center of the enveloping algebra of
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g. Let U(g) be the universal enveloping algebra of g. By Poincare´-
Birkhoff-Witt theorem, as a module over C[E] we can write
U(g) = ⊕i,j,k∈N0C[E]LiAjxAky.
By direct calculation, Z(g), the center of U(g), is a free polynomial
algebra over C[E] with one generator
Ω := A2x +A
2
y − EL
2
which we call the regularized Casimir. On a generically irreducible
and quasi-admissible family of (g,K)-modules, the regularized Casimir
Ωmust act via multiplication by a functionω(E) ∈ C[E], see [BHS18b,
Sec. 4.4]. The functionω(E) is another invariant of a generically irre-
ducible and quasi-admissible family of (g,K)-modules. The follow-
ing proposition describes a class of families of (g,K)-modules that
are completely determined by the above mentioned invariants.
Proposition 2. Let τ be an irreducible algebraic representation ofO(2,C).
Up to an isomorphism, a generically irreducible and quasi-admissible fam-
ily of (g,K)-modules F that is generated by its τ isotopic piece Fτ, is deter-
mined byω(E).
The proposition follows from [BHS18b, Thm. 4.9.3] and the classi-
fication of admissible irreducible (sl2(C), SO(2,C))-modules. In Sec-
tion 4.3 we shall be interested in a specific case of such families for
which we explicitly show howω(E) determines F.
4.2. The families of Harish-Chandra modules imposed by the phys-
ical realization. The family g is more than just an abstract alge-
braic family of Lie algebras, it is a family that is given by a con-
crete realization. The realization is induced by the realization of the
Schro¨dinger operatorH as a differential operator on smooth complex
valued functions on S = R2 \ {0}. As such, there are (algebraic) rela-
tions between the elements of CD(H). For our purposes, the relevant
relation is given by
A2x +A
2
y +
1
2
k2 = H
(
L2 −
1
4
)
.(4.1)
This can be verified directly. In fact, this relation is nothing but the
Casimir relation for the quantum superintegrable system E18 that is
determined by H. Now, on (the SO(2)-finite functions in) the solu-
tion space for the Schro¨dinger equation with eigenvalue E, realized
as a space of functions on R2 \ {0}, the Lie algebra g|E naturally acts
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via its realization as differential operators on functions on R2 \ {0}:
L = y∂x − x∂y,
Ay =
i√
2
(
y∂xx − x∂xy −
1
2
∂y + k
y
r
)
,
Ax =
i√
2
(
x∂yy − y∂xy −
1
2
∂x + k
x
r
)
.
This induces a morphism of algebras U(g) −→ CD(H). Hence, (4.1)
implies thatΩ = A2x+A2y−EL2 acts via multiplication by the function
ω(E) = −E
4
− k
2
2
. As noted above, one can classify all generically
irreducible and quasi-admissible families of (g,K)-modules. These
calculations follow from those in [BHS18b, Sec. 4]. We shall only
need the following fact which can be derived from the classification.
Fact 1. Let F be a generically irreducible and quasi-admissible family of
(g,K)-modules on which Ω acts by multiplication by ω(E) = −E
4
− k
2
2
.
Then any irreducible algebraic representation of SO(2,C) is an SO(2,C)-
type of F, and each appears with multiplicity one.
A point E ∈ X such that F|E is reducible is called a reducibility point
of F. We are now ready to calculate the bounded spectrum of the
Schro¨dinger operator.
Theorem 2. Let F be a generically irreducible and quasi-admissible family
of (g,K)-modules on whichΩ acts via multiplication byω(E) = −E
4
− k
2
2
.
The collection of all the reducibility points of F coincides with Eb.
Before proving Theorem 2 we recall the natural parameterization
of ̂SO(2,C), the set of equivalence classes of irreducible algebraic
representations of SO(2,C), and do the same for O(2,C). For every
n ∈ Z, the formula χn(R(θ)) = einθ defines a one-dimensional irre-
ducible algebraic representation of O(2,C), and up to equivalence
these are all such representations. This identifies Z with ̂SO(2,C).
For n ∈ N, the SO(2) representation χn ⊕ χ−n can be turned into an
irreducible representation of O(2,C) by defining the action of s on
the underlying vector space C2 by s · (z,w) = (w, z). In addition,
the trivial representation of SO(2,C) can be extended in exactly two
ways to an irreducible algebraic representation ofO(2,C). One is the
trivial representation of O(2,C), denoted by χ+0 , and the other is the
determinant representation ofO(2,C), denoted by χ−0 . The collection
{χ+0 , χ
−
0 , χn ⊕ χ−n|n ∈ N} contains exactly one representative for each
class in Ô(2,C).
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Proof. Let F be a family satisfying the hypotheses of Theorem 2. By
Fact 1, there exists a sequence {fn|n ∈ Z} ⊂ F with
R(θ)fn = e
inθfn,
and such that the decomposition of F with respect to the action of
SO(2,C) is given by
F = ⊕n∈ZFn, Fn = C[E]fn.
Define a new basis for g by J = iL,A+ = 1√2(Ax+iAy),A− =
1√
2
(Ax−
iAy). In particular, for every n ∈ Z, Jfn = nfn. The commutation
relations of these basis elements are given by
[J,A+] = A+, [J,A−] = −A−, [A+,A−] = EJ.(4.2)
In terms of the new basis, the regularized Casimir is given by
Ω = EJ2 + EJ+ 2A−A+ = EJ
2 − EJ+ 2A+A−.
Hence, for every n ∈ Zwe have
A−A+fn =
1
2
(
ω(E) − E(n2 + n)
)
fn = −
1
2
(
k2
2
+ E
(
n+
1
2
)2)
fn,
A+A−fn =
1
2
(
ω(E) − E(n2 − n)
)
fn = −
1
2
(
k2
2
+ E
(
n−
1
2
)2)
fn,
and the reducibility points are given by
{
En := −
k2
2(n+1/2)2
∣∣∣n ∈ {0, 1, 2, ...}}
which is nothing but Eb. 
4.3. Concrete families of Harish-Chandra modules. There are many
generically irreducible and quasi-admissible families of (g,K)-modules
on whichΩ acts via multiplication byω(E) = −E
4
− k
2
2
. The analysis
that follows can be applied to any of them. For concreteness, we shall
focus on such families that are generated by their isotypic subsheaf
corresponding to the trivial SO(2,C)-type. Combining Proposition
2 and Fact 1, we see that there are at most two such families. We
shall see below that there are exactly two such families. These two
families must have the same SO(2,C)-types but they differ by one
O(2,C)-type. One of them contains the trivial O(2,C)-type and the
other contains the determinant O(2,C)-type. .
From now on, we let F be a generically irreducible and quasi-
admissible family of (g,K)-modules on which Ω acts via multipli-
cation by ω(E) = −E
4
− k
2
2
and that is generated by F0, the isotypic
piece corresponding to the trivial SO(2,C) representation. In this
case, all the SO(2,C)-types appear, each has multiplicity one, and
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each Fn is a free rank-one C[E]-module. We choose a basis f0 of F0
and define
fn :=
{
(A+)
nf0 n > 0,
(A−)
−nf0 n < 0.
The commutation relations (4.2) imply that fn ∈ Fn. Since F is gen-
erated by F0, all fn vanish nowhere. That is, at any E ∈ C, each fn
defines a nonzero vector in the fiber of F at E. In particular, {fn|n ∈ Z}
is a basis for F and Fn = C[E]fn. This, together with the commuta-
tion relations (4.2), completely determines the action of g to be given
by
Jfn = nfn,(4.3)
A+fn =
{
fn+1 n ≥ 0,
− 1
2
(
k2
2
+ E
(
n+ 1
2
)2)
fn+1 n < 0,
(4.4)
A−fn =
{
− 1
2
(
k2
2
+ E
(
n− 1
2
)2)
fn−1 n > 0,
fn−1 n ≤ 0.
(4.5)
Of course, the action of SO(2,C) is given by
R(θ)fn = e
inθfn.
In addition, one can show that either one of the two formulas (that
only differ by a sign)
s · fn = ±(−i)nf−n(4.6)
extends F to a generically irreducible and quasi-admissible algebraic
family of (g,K)-modules over X. The two families obtained this way
are not isomorphic.
4.4. The Jantzen Filtration. In this section we recall the σ-twisted
dual, which is a certain dual family to F. We calculate the space of
intertwining operators from F to its σ-twisted dual, and we recall
how such an intertwining operator gives rise to the Jantzen filtration
of the fibers of F.
4.4.1. The σ-twisted dual. Using the real structure of (g,K), with any
algebraic family F of (g,K)-modules, we can associate another fam-
ily of (g,K)-modules, F〈σ〉, the σ-twisted dual of F. See [BHS18c, Sec.
2.4] for precise definition. For the two families F that were defined
in Section 4.3, the σ-twisted dual has a basis {qn|n ∈ Z} such that
F〈σ〉 = ⊕n∈ZF〈σ〉n with F〈σ〉n = C[E]qn,
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and the action of (g,K) is determined by
Jqn = nqn,(4.7)
A+qn =
{
1
2
(
k2
2
+ E
(
n+ 1
2
)2)
qn+1 n ≥ 0,
−qn+1 n < 0,
(4.8)
A−qn =
{
−qn−1 n > 0,
1
2
(
k2
2
+ E
(
n− 1
2
)2)
qn−1 n ≤ 0,(4.9)
R(θ)qn = e
inθqn, s · qn = ±(−i)nq−n.(4.10)
4.4.2. Intertwining operators. In this section we describe the space of
intertwining operators from F to F〈σ〉.
Proposition 3. Hom(g,K)(F,F〈σ〉) ' C[E].
Proof. By definition, Hom(g,K)(F,F〈σ〉) is the space of algebraic inter-
twining operators from F to F〈σ〉. Any such operator is given by a
morphism of C[E]-modules ψ : F −→ F〈σ〉 that is equivariant with
respect to the actions of g and K. The equivariance with respect to K
implies that for every n ∈ Z,
ψ(fn) = ψn(E)qn
for some ψn ∈ C[E], with
ψ−n(E) = ψn(E).
The equivariance with respect to g further implies that
ψ(A±fn) = A±ψn(E)qn, ∀n ∈ Z.
This leads to a recursion relation between the ψn(E) and the explicit
form of ψn(E) is given by
ψn(E) = ψ−n(E) =
1
2|n|
ψ0(E)Π
|n|
m=1
(
k2
2
+ E
(
m−
1
2
)2)
.(4.11)
Hence, the map that assigns to ψ ∈ Hom(g,K)(F,F〈σ〉) the function
ψ0(E) ∈ C[E] is an isomorphism of C[E]-modules. 
4.4.3. The Jantzen filtration. In this section we describe the Jantzen
filtration. For more information see [BHS18c, Sec. 4.1]. Let ψ : F −→
F〈σ〉 be a nonzero intertwining operator. For a fixed e ∈ C, we can
localize C[E] at e, obtaining the ring C[E]e of all rational functions
that are defined near e. Explicitly,
C[E]e =
{
f
g
|f, g ∈ C[E], g(e) 6= 0
}
.
22 EYAL SUBAG
Similarly, we can form the localizations of F and F〈σ〉 at e,
Fe := C[E]e ⊗C[E] F, F〈σ〉e := C[E]e ⊗C[E] F〈σ〉.
The morphism ψ induces a morphism of C[E]e-modules from Fe to
F
〈σ〉
e that, by abuse of notation, we shall also denote by ψ. Using ψ,
we obtain a decreasing filtration of Fe defined by
Fne = {f ∈ Fe|ψ(f) ∈ (E− e)nFe},
for every n ∈ N0 = {0, 1, 2, ...}. The fiber of F at e is defined by
F|e := C⊗C[E] F = C⊗C[E]e Fe.
The natural surjection from the localization at e to the fiber at e gives
rise to a decreasing filtration {F|ne } of F|e. This is the Jantzen filtra-
tion. The Jantzen quotients (of F|e) are F|ne /F|n−1e . Up to a shift of
the filtration parameter n, the Jantzen quotients are independent of
(a nonzero) ψ. We say that the filtration is trivial if 0 6= F|ne implies
F|ne = F|e.
Proposition 4. Let F and ψ be as above and let e ∈ C. The Jantzen
filtration of F|e is trivial iff e ∈ C \ Eb. If e ∈ Eb there are exactly two
nonzero quotients. Furthermore, for e = em = − k
2
2(m+1/2)2
with m ∈
{0, 1, 2, ...}, one of the quotients is of dimension 2m+1with SO(2,C)-types
{−m,−m+ 1, ...,m} and the other is infinite dimensional with SO(2,C)-
types {l ∈ Z||l| > m} .
Proof. As mentioned above, the quotients are independent of ψ, so
we may and will assume that ψ0(E) is the constant function 1. Note
that by (4.11), ψ(fm) = ψm(E)qn, where ψm(E) is a polynomial of
degreem and itsm different roots are{
en = −
k2
2(n+ 1/2)2
∣∣∣∣0 ≤ n < m,n ∈ Z} ⊂ Eb.
Hence, for any e ∈ C \ Eb, none of the morphisms ψn(E) vanishes at
e, and therefore F|0e = F|e, F|1e = {0}, and the unique nonzero quotient
is F|1e/F|0e ' F|e. For e = em = − k
2
2(m+1/2)2
, all the morphisms ψn(E)
with |n| ≤ m do not vanish at em and all other ψn(E) do. Hence, as
SO(2,C)-modules, the nonzero quotients are
F|0em/F|
1
em
' χ−m ⊕ χ−m+1 ⊕ ...⊕ χm,
F|1em/F|
2
em
'
⊕
|n|≥m
χn.

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Remark 4. The O(2,C)-types of the Jantzen quotients come in two
flavors, corresponding to the two families F with ω(E) = −E
4
− k
2
2
.
In one of the families F, all the trivial SO(2,C) representations in the
various quotients extend to the trivial O(2,C) representation. In the
other, all the trivial SO(2,C) representations in the various quotients
extend to the nontrivial one-dimensional O(2,C) representation.
4.5. The Hermitian form on the Jantzen quotients. In this section
we describe the invariant Hermitian form on the Jantzen quotients.
For more information see [BHS18c, Sec. 4.2].
The module F〈σ〉 can be naturally identified with the space of func-
tions from F to C[E] that are conjugate C[E]-linear and vanish on
all but finitely many of the K isotypic summands of F. That is, for
h ∈ F〈σ〉, f ∈ F, and p ∈ C[E],
h(pf) = σ(p)h(f),
where σ(p)(E) = p(E). The bases {fn} and {qn} can be chosen such
that under the abovementioned identification,
qn(fm) = δmn.
This allows us to equip each of the Jantzen quotients, F|ne /F|n−1e , with
a non-degenerate sesquilinear form 〈 , 〉e,n defined by
〈[f], [f ′]〉e,n = ((E− e)−nψ(f)(f ′))E=e .
That is, for every [f], [f ′] ∈ F|ne with representatives f, f ′ ∈ F, we
apply the linear functionalψ(f) to f ′, then we divide by (E−e)n (this
makes sense since [f], [f ′] ∈ F|ne ) and finally we evaluate this complex
valued function of E at e. The forms 〈 , 〉e,n are invariant under the
actions of K|e and g|e in the the sense that
〈X · [f], [f ′]〉e,n + 〈[f], σ(X) · [f ′]〉e,n = 0,
〈g · [f], σK(g) · [f ′]〉e,n = 〈[f], [f ′]〉e,n,
for all [f], [f ′] ∈ F|ne , X ∈ g|e, and g ∈ K|e. Up to a shift of the filtration
parameter n, the Jantzen quotients are independent of (a nonzero)
ψ. The intertwining operator ψ can be chosen such that for every
e ∈ R ⊂ C, the forms 〈 , 〉e,n will be Hermitian. If the invariant
Hermitian form is of a definite sign, we say that the Jantzen quotient
is infinitesimally unitary.
Proposition 5. Let F and ψ be as above with ψ0(E) ≡ 1. The form is of a
definite sign (positive definite or negative definite) exactly on the following
Jantzen quotients:
(1) F|0e/F|1e ' F|e with e > 0.
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(2) F|00/F|10 ' F|0.
(3) F|0em/F|
1
em
with em = − k
2
2(m+1/2)2
, for somem ∈ N0.
Proof. By direct calculation on F|ne /F|n+1e , the form satisfies
〈[fs], [ft]〉e,n =
(
(E− e)−n
1
2|s|
Π
|s|
l=1
(
k2
2
+ E
(
l−
1
2
)2))
E=e
δst.
If e is not real, then the form can not be of definite sign. If e ∈ R \ Eb,
then by Proposition 4, the unique nonzero Jantzen quotient is F|0e/F|1e
on which the form is given by
〈[fs], [ft]〉e,0 =
(
1
2|s|
Π
|s|
l=1
(
k2
2
+ e
(
l−
1
2
)2))
δst,
which is obviously positive definite for e ≥ 0, and not of definite
sign for e < 0. The case with e = em is proven similarly. 
For each e ∈ E we shall denote by J(F|e) the unique infinitesimally
unitary Jantzen quotient of F|e. Combining Proposition 4 and Propo-
sition 5, we obtain the following.
Theorem 3. Let F be any one of the two generically irreducible and quasi-
admissible families of (g,K)-modules on which Ω acts via multiplication
by ω(E) = −E
4
− k
2
2
, and that are generated by F0, their isotypic piece
corresponding to the trivial SO(2,C) representation. The spectrum of H
coincides with the set of all E ∈ X for which F|E has a nonzero infinitesi-
mally unitary Jantzen quotient. Moreover, Eb coincides with the set of all
E ∈ X for which F|E has a nontrivial Jantzen filtration.
4.6. Jantzen quotients, group representations, and solution spaces.
In this section, after recalling the physical solution spaces for the
Schro¨dinger equation, we describe how the infinitesimally unitary
Jantzen quotients can be integrated to unitary group representations.
We show that these group representations are isomorphic to the so-
lution spaces of the Schro¨dinger equation, as unitary represenations.
4.6.1. The Physical Solutions. The physical solutions for the Schro¨dinger
equation Hψ = Eψ are complex valued functions on R2 which solve
the equation, which are regular at the origin and have the best pos-
sible behavior at infinity e.g., see [LL58, Chap. V.]. For every E ∈
spec(H), the collection of physical solutions corresponding to E can
be completed to a Hilbert space, Sol(E), that carries a unitary irre-
ducible representation (of the corresponding symmetry group). This
nontrivial fact was first discovered by Fock, for bound states in the
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three dimensional case [Foc35]. For the two-dimensional case see,
e.g., [BI66a, BI66b] and [TdCA98]. We remark that for any E ∈ spec(H),
Sol(E) is a tempered representation, and for E ∈ Eb it is a square-
integrable representation. The space of SO(2)-finite vectors of Sol(E),
denoted Sol(E)SO(2)−f., coincides with the space of all physical solu-
tions that are separable in polar coordinates ofR2;ψ(r,ϕ) = R(r)Φ(ϕ).
We shall explicitly specify a basis for Sol(E)SO(2)−f.. For nonzero en-
ergy we shall follow [YGC+91]. For zero energy we shall follow
[TdCA98].
For 0 6= E ∈ spec(H), the Schro¨dinger equation can be solved via
separation of variables in polar coordinates. Any separable solution
ψ(r,ϕ) = R(r)Φ(ϕ) has Φ(ϕ) proportional to eilϕ, for some l ∈ Z.
For fixed such l, the radial equation has a two-dimensional solution
space. Imposing the condition of regularity at the origin, we are left
with a one-dimensional solution space. Explicitly, for a fixed En =
− k
2
2(n−1/2)2
< 0 with n ∈ {1, 2, 3, ...}, the radial solutions are spanned
by
(βnr)
|l|e−βnr/2 1F1(−n+ |l|+ 1; 2|l|+ 1;βnr)
where βn = 2k(n−1/2) , |l| varies in {0, 1, 2, ..., n − 1}, and 1F1(α : γ; z) is
the confluent hypergeometric function (which reduces to a polyno-
mial function in r for the above values of parameters). For a fixed
E > 0, the radial solutions are spanned by
(2
√
2Er)|l|e−i
√
2Er
1F1(−i
√
k2
2E
+ |l|+
1
2
; 2|l|+ 1; i2
√
2Er)
with |l| varying over all non-negative integers. For E = 0, upon ap-
plying the Fourier transform and a linear change of variables, the
Schro¨dinger equation takes an integral form with solutions that are
separable in polar coordinates on R2. As before, the solutions are
of the form ψ(r,ϕ) = R(r)Φ(ϕ) with Φ(ϕ) proportional to eilϕ for
some l ∈ Z. As in the case with E 6= 0, for fixed l ∈ Z, the corre-
sponding solution space for the radial function is two-dimensional.
Demanding regularity at r = 0, the solution space is one dimen-
sional. Explicitly, the solution space is spanned by
eilϕJl(r),
with Jl(r) being the Bessel function of the first kind.
4.6.2. From Jantzen quotients to the solution spaces. In Proposition 5,
we saw that each e ∈ E ⊂ R has exactly one infinitesimally unitary
Jantzen quotient, J(F|e). Recall that J(F|e) is a (g|e,K|e)-module. In
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fact, each quotient is an irreducible (g|e,K|e)-module. The discus-
sion in [BHS18c, Sec. 4.3] explains how a theorem of Nelson [Nel59]
implies that, as a representation of g|σe , for any e ∈ E, J(F|e) can be
integrated to a unitary representation of the simply connected Lie
group with Lie algebra g|σe . Here we shall proceed using a different
approach. We shall separately deal with each of the cases e > 0,
e = 0, and e = em for some m ∈ N0, and explain why the repre-
sentations of the Lie algebras on the various J(F|e) can be integrated
to unitary irreducible representations of SO0(2, 1), SO(2) n R2 and
SO(3), depending on the value of e.
The SO0(2, 1) case
For e > 0, SO(2, 1) ' S˜O3|σe is reductive with maximal compact
subgroup O(2) ' K|σe . By a theorem of Harish-Chandra and Lep-
owsky (see e.g., [Vog81, Sec. 0.3]), the Jantzen quotient J(F|e) can be
integrated to a unitary irreducible representation of SO(2, 1). The
O(2)-types and infinitesimal character are enough to parametrize
the unitary dual of SO(2, 1). Using this we can determine that for
each of the two families F, the corresponding unitary irreducible
representation of SO(2, 1) ' S˜O3|σe obtained by integrating J(F|e)
is a unitary principal series on which the Casimir acts by multipli-
cation by ω(e). Both possibilities restrict to the same unitary ir-
reducible representation of SO0(2, 1), the connected component of
SO(2, 1). This representation is isomorphic to the solution space of
the Schro¨dinger equation of the hydrogen atom in two dimensions
with energy eigenvalue e, compare with [BI66b].
The SO(2)nR2 case
The unitary duals ofO(2)nR2 and SO(2)nR2 can be calculated us-
ing the Mackey machine. Again, theO(2)-types in the case ofO(2)nR2
and the SO(2)-types in the case of SO(2) n R2 together with the
action of the center of the enveloping algebra are sufficient to pa-
rameterize the unitary duals. For each of the two families F, it is
straightforward, in this low-dimensional case, to find the unitary ir-
reducible representation of O(2) n R2 ' S˜O3|σ0 that have their un-
derlying Harish-Chandra module given by J(F|0). As in the case
of e > 0, the two non-isomorphic irreducible unitary representa-
tions of O(2) n R2 have the same unitary irreducible restriction to
SO(2) n R2. This representation is isomorphic to the solution space
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of the Schro¨dinger equation of the hydrogen atom in two dimensions
with energy eigenvalue e = 0, compare with [TdCA98].
The SO(3) case
For e = em with m ∈ N0, J(F|em) is a (2m + 1)-dimensional irre-
ducible representation of so(3) ' g|em and hence can be integrated to
the unique unitary irreducible (2m + 1)-dimensional representation
of SO(3) ' S˜O3|σem . This representation is isomorphic to the solu-
tion space of the Schro¨dinger equation of the hydrogen atom in two
dimensions with energy eigenvalue e = em = − k
2
2(m+1/2)2
, compare
with [BI66a].
Summarizing, we have shown the following result.
Theorem 4. Let F be as in Theorem 3. Then for any e ∈ Spec(H), the
Jantzen quotient J(F|e) can be integrated to the unitary irreducible rep-
resentation of the connected component of S˜O3|σe which is isomorphic to
Sol(e).
5. DISCUSSION
5.1. Physical considerations. The energy spectrum of the bound states
of the hydrogen atom is a fundamental example for quantization.
In this paper we have shown how quantization of the spectrum is
related to discretely appearing, infinitesimally unitary Jantzen quo-
tients. We believe that this connection should be studied further.
It seems that similar results hold for the n-dimensional hydrogen
atom, and we shall treat this case in the future. But already in two
dimensions an interesting feature is the algebraic/analytic structure
of the symmetries and solutions of the hydrogen atom. In princi-
ple, knowing F over some Zariski open subset of X = C is enough
to completely determine F everywhere on C. For example, this im-
plies that if one knows the solution spaces for the Schro¨dinger equa-
tion with energy eigenvalues confined to some open sub-interval of
(0,∞), one can recover all solutions for all possible energy values.
This phenomenon might be useful in experiments. One may wonder
what should be the physical meaning of this; do the solution spaces
for scattering states know about the bound state solution spaces and
vise versa? As we have shown, in the two-dimensional case the an-
swer is affirmative.
From a physics perspective there are a couple of natural questions
that need to be asked.
28 EYAL SUBAG
• Is there a physical meaning that can be attached to the fibers
F|e with e not in the spectrum of H?
• Is there a physical explanation for the existence of the two
(rather than just one) families of (g,K)-modules that lead to
the solutions of the Schro¨dinger equation?
5.2. Spectral theory considerations. Up until now, we have solely
considered algebraic aspects of the 2D Schro¨dinger equation of the
hydrogen atom. But there are various analytic aspects that were
studied extensively in the past. Most notable among them is the
spectral decomposition for the Schro¨dinger operator. We shall use
the last part of this section to briefly review some aspects of spectral
theory. We then speculate on possible connections between these an-
alytic aspects and the algebraic families introduced in the paper. We
intend to further study these relations elsewhere.
For n ≥ 3, the Schro¨dinger operator, H = −h¯2
2µ
4 − k
r
, with do-
main C∞c (Rn) ⊂ L2(Rn), is essentially self-adjoint. That is, it has a
unique self-adjoint extension. On the other hand, for n = 2, and with
domain C∞c (R2 \ {0}), the Schro¨dinger operator has a family of self-
adjoint extensions parameterized by S1, see [dOV09] (The Schro¨dinger
operator is not well-defined as an unbounded Hilbert space operator
on the domain C∞c (R2)). However, H is semi-bounded [Per60] and
therefore it has a distinguished Friedrichs extension. For this exten-
sion, one can use the spectral theory for self-adjoint operators e.g.,
[Tay96, Ch. 8] or [GV16, Ch. I Sec. 4] and obtain a direct-integral
decomposition of L2(R2) such that
L2(R2) ∼=
∫⊕
spec(H)
Hλdµ(λ),
(Hs)(λ) = λs(λ),
for every section s of
∫⊕
spec(H)Hλdµ(λ) that lies in the domain of H.
For more information on direct integrals see, e.g., [Dix82, Chapter
XII], [Dix81, Chapter I]. The inclusion of the dense subspace S :=
C∞c (R2 \ {0}) into L2(R2) factors through a Hilbert-Schmidt trans-
formation. Hence we can use the Gelfand-Kostyuchenko method
[Ber88, Sec. 1], [Mau67, Chap. XVII], [GV16, Chap. I], and for al-
most every λ ∈ spec(H) obtain an injective linear map
rλ : Hλ −→ S+,
where S+ is the Hermitian dual of S, which we can view as the space
of distributions on R2 \ {0}. Moreover, rλ(Hλ) ⊂ S+λ where S+λ is
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the eigenspace of H with eigenvalue λ in the distribution space S+.
Hence, we obtain an injective map, for which we keep the same no-
tation:
rλ : Hλ −→ S+λ .
Elliptic regularity for H implies that the space of eigendistributions,
S+λ , is canonically isomorphic to C
∞
λ (R2 \ {0}), the eigenspace of H
with eigenvalue λ in C∞(R2 \{0}). Hence, for almost every λwe have
an injection
r˜λ : Hλ −→ C∞λ (R2 \ {0}).
The space C∞(R2 \ {0}) carries an action of CD(H), the centralizer
of H (see Section 3.1), and hence also of the family of Lie algebras
g. It also carries a compatible action of K0 := SO(2). This implies
that the space (C∞(R2 \ {0}))K0−f. of K0-finite vectors in C∞(R2 \ {0})
is a (g, K0)-module. By explicit calculation, it can be shown that
(C∞λ (R2 \ {0}))K0−f. is a quasi-admissible (g|λ, K0)-module. In fact,
the multiplicity of each irreducible representation of K0 in (C∞λ (R2 \
{0}))K0−f. is at most two. Since SO(2) acts on L
2(R2) via a one param-
eter group of unitary operators that commute with H, almost every
Hλ is equipped with a unitary action of SO(2). The maps r˜λ are equi-
variant with respect to the actions of SO(2) and injectivity implies
that (Hλ)K0−f. is a quasi-admissible representation of SO(2). The im-
age of (Hλ)K0−f. under r˜λ is a sub-(g|λ, K0)-module, for almost every
λ. We are now ready to state a conjecture that relates our algebraic
approach to spectral theory.
Conjecture 1. For almost every λ ∈ spec(H),
r˜λ((Hλ)K0−f.) = Sol(λ)K0−f..
Note that by Theorem 4, the (g|λ, K)-module Sol(λ)K0−f. is isomor-
phic to J(F|λ). So if the conjecture holds, for almost every λ ∈ spec(H),
the abstract space (Hλ)K0−f. is a (g|λ, K0)-module isomorphic to J(F|λ).
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